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−1XN (ℓ1)
2
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Thm [Voiculescu 91’,Nica 94’]:

τN (γ) −→
N →∞

P

 1

0

if γ = 1,

otherwise.

XN (ℓi) are asymptotically free

1
NTr(XN (γ)n) = 1

NTr(XN (γn)) −→ δn,0,∀n ∈ Z,∀γ ̸= 1
P

N →∞

=: τ∗(γ)

∀γ ∈ Fr

Assume XN Haar distr. on XN ≃ Gr
N

GN = U(N), SU(N), O(N), USp(N), SN

=
λn
1 +...+λn

N

Nλi eigval XN (γ)
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Large N limit, Γg = π1(Σg) = ⟨x1, y1, . . . , xg, yg|wg = 1⟩

τN (γ) = 1
NTr(XN (γ)) normalised trace

Thm [Magee 21’, Magee-Puder 20’]:

E[τN (γ)] −→
N →∞

 1

0

if γ = 1,

otherwise.

1
NTr(XN (γ)n) = 1

NTr(XN (γn)) −→ δn,0,∀n ∈ Z,∀γ ̸= 1
P

N →∞

=: τg(γ)

∀γ ∈ Γg

Assume g ≥ 2, XN with law µABG on XN

GN = SU(N), SN

=
λn
1 +...+λn

N

Nλi eigval XN (γ)

Pb: Concentration of µABG as N →∞?



Large N limit, Γg = π1(Σg) = ⟨x1, y1, . . . , xg, yg|wg = 1⟩

τN (γ) = 1
NTr(XN (γ)) normalised trace

Thm [Magee 21’, Magee-Puder 20’]:

E[τN (γ)] −→
N →∞

 1

0

if γ = 1,

otherwise.
=: τg(γ)

∀γ ∈ Γg

Assume g ≥ 2, XN with law µABG on XN

GN = SU(N), SN

Thm [Magee,Naud, Puder 2022]:

Random cover compact hyperbolic surface has w.h.p.

relative spectral gap 3
16 − ε (conjecture 1

4 ).
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Large N limit, Γ = π1(G) ≡ Fr, G ⊂ R2,D

Assume G finite embedded in R2, or D
r faces with areas a ∈ R∗

+
r

GN = U(N), SU(N), O(N), USp(N)

⟨X,Y ⟩N = βN
2 Tr(X∗Y ) ∀X,Y ∈ gN
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β
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gN = T1GGN ⊂MdN
(C)

USp(N)U(N)

YMG,a(dh) =
∏r

f=1 pai
(h(ℓi))µG(dh)

Thm [Biane 97’, Xu 97’, Lévy, Sengupta & Anshelevich 11’]:

τN (γ) −→ τG,a(γ)
N →∞

∀γ ∈ π1(G), a ∈ R∗
+
r

P

with τG,a deterministic, τG,a( ) = e−
t
2

tsol of (KKMM),
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index 1 Laguerre polynomial
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NB: For ℓ ∈ L(R2), τ(ℓ) independent of D ⊃ ℓ.



Large N limit, Γ = RPp(Σ), Σ = R2 or D



Large N limit, Γ = RPp(Σ), Σ = R2 or D
GN = U(N), SU(N), O(N), USp(N)



Large N limit, Γ = RPp(Σ), Σ = R2 or D
GN = U(N), SU(N), O(N), USp(N)

⟨X,Y ⟩N = βN
2 Tr(X∗Y ) ∀X,Y ∈ gN

(pT )T>0 heat kernel for metric
β

O(N)

1 42

gN = T1GGN ⊂MdN
(C)

USp(N)U(N)



Large N limit, Γ = RPp(Σ), Σ = R2 or D
GN = U(N), SU(N), O(N), USp(N)

⟨X,Y ⟩N = βN
2 Tr(X∗Y ) ∀X,Y ∈ gN

(pT )T>0 heat kernel for metric
β

O(N)

1 42

gN = T1GGN ⊂MdN
(C)

USp(N)U(N)



Large N limit, Γ = RPp(Σ), Σ = R2 or D
GN = U(N), SU(N), O(N), USp(N)

⟨X,Y ⟩N = βN
2 Tr(X∗Y ) ∀X,Y ∈ gN

(pT )T>0 heat kernel for metric
β

O(N)

1 42

gN = T1GGN ⊂MdN
(C)

USp(N)U(N)

Thm [Lévy 11’]:

τN (γ) −→ τΣ(γ)
N →∞

∀γ ∈ RPp(Σ),
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with τΣ deterministic and
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GN = U(N), SU(N), O(N), USp(N)

⟨X,Y ⟩N = βN
2 Tr(X∗Y ) ∀X,Y ∈ gN

(pT )T>0 heat kernel for metric
β

O(N)

1 42

gN = T1GGN ⊂MdN
(C)
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Thm [Lévy 11’]:

τN (γ) −→ τΣ(γ)
N →∞

∀γ ∈ RPp(Σ),
P

with τΣ deterministic and

emb. graph G, finite length edges, r faces of vol a ∈ R∗
+
r∀

τ|RP(G) = τG,a.
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Large N limit, Γ = RPp(S2)

GN = U(N)

⟨X,Y ⟩N = NTr(X∗Y ) ∀X,Y ∈ gN

(pT )T>0 heat kernel for metric
gN = {X ∈MdN

(C) : X +X∗ = 0}

Thm [D.-Norris 17’, Hall 17’]:
τN (γ) −→ τS2(γ)

N →∞
∀γ ∈ RPp(S2),

P

with τS2T deterministic, satisfying (KKMM)

τS2( ) = J1(2σ) =
∫ 2

−2
eiσx

√
4−x2dx
2π

t

σ =
√

t(T−t)
T ≤ π

2

vol(S2) = T > 0

, for T ≤ π2
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Conj. [D-Lemoine 22’]:  τD(γ̃)

0

if γ contract,

otherwise.
=: τΣg (γ)

∀γ ∈ RL(Σg)

τN (γ) −→
N →∞

P
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ℓ

Σg

ℓ̃ hyper. area A tr(Hℓ)→ e−
A
2

P

vol(Σg) = T > 0
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Conj. [D-Lemoine 22’]:  τD(γ̃)

0

if γ contract,

otherwise.
=: τΣg (γ)

∀γ ∈ RL(Σg)

τN (γ) −→
N →∞

P

Assume Σg = D/Γg Γg = ⟨x1, y1, . . . , xg, yg|wg = 1⟩

Lemma: τΣg defines a positive funct. on RLp(Σg):∑
i,j αiαjτΣg

(ℓiℓ
−1
j ) ≥ 0 ∀ℓi ∈ RLp(Σg), αi ∈ C

vol(Σg) = T > 0
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γ ⊂ Σ1 where Σ = Σ1#Σ2 with Σ2 ̸≃ D
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Conj. [D-Lemoine 22’]:  τD(γ̃)

0

if γ contract,

otherwise.
=: τΣg (γ)

∀γ ∈ RL(Σg)

τN (γ) −→
N →∞

P

Assume Σg = D/Γg Γg = ⟨x1, y1, . . . , xg, yg|wg = 1⟩

Thm [D-Lemoine 22’]: Conj. holds true iff it holds for all
γ = αnβ, where α simple contractible, n ∈ Z,

β geodesic intersecting α only at its base point.

vol(Σg) = T > 0
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Argument 2: Makeenko-Migdal deformation

Idea:

by Makeenko-Migdal deformation iff

i) they have non-zero homology or
ii) they have zero homology and same algebraic area.

Two homotopic loops can be deformed into one another

Pb: Makeenko-Migdal deformation might require

ℓ
to increase # intersections.

Idea: OK if done locally with a winding loop.
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Ĝ
(k)
N k-almost trivial irrep



Argument 1+: Low weight representations
When GN = SU(N),
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Argument 1+: Low weight representations
When GN = SU(N),

ĜN ≃ {λ ∈ ZN : λ1 ≤ . . . ≤ λN}/(1, . . . 1).Z

Say λ is k-almost trivial if it has a represent with

Lemma: For g ≥ 2, G one face emb. in Σg, T > 0,

−k ≤ λ1, 0 = λk+1 = . . . = λN−k, λN ≤ k

p
(k)
T (g) =

∑
λ∈Ĝ

(k)
N

dim(λ)χλ(g)e
−T

2 Cλ ,Set
where χλ character λ

∀α, β ∈ π1(G), ∀p ≥ 1, ∃k ≥ 1/

Ĝ
(k)
N k-almost trivial irrep

For G emb. graph, r faces, a ∈ Rr
+

YM
(k)
G,a(dh) =

∏r
f=1 p

(k)
ai (h(ℓi))µG(dh)

EYM[τN (α)τN (β)] = Z−1
g,T,SU(N)

∫
XN

τN (α)τN (β)dYM(k)

+O(N−p).
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Some questions

Large N limit for other groups, e.g. other Fuchsian grs?

Geometric appli. of (strong) convergence

Poincaré inequality, Log-Sobolev on XN (Γ,SU(N))?
for Γ = π1(Σg), π1(G)

for Γ = π1(G),RP(Σ)?

higher dimension

Expansion in N−2 of expectations (Gross-Taylor 93’)?

"2D-QCD is a string theory"

Chatterjee, Jafarov, Cao, Park, Pfeffer, Sheffield, Lemoine, Novak

Wilson action, strong coupling (large T ) Hao, Zhu, Zhu



Thank you!


